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A remarkable development in the field of the
fractional quantum Hall effect has been the pro-
posal that the 5/2 state observed in the Lan-
dau level with orbital index n = 1 of two-
dimensional electrons in a GaAs quantum well [1]
originates from a chiral p-wave paired state of
composite fermions which are topological bound
states of electrons and quantized vortices. This
state is theoretically described by a “Pfaffian”
wave function [2] or its hole partner called the
anti-Pfaffian [3, 4], whose excitations are neither
fermions nor bosons but Majorana quasiparticles
obeying non-Abelian braid statistics [5]. This has
inspired innovative ideas on fault-tolerant topo-
logical quantum computation [6] and has also in-
stigated a quest for other states with exotic quasi-
particles. Here we report experiments on mono-
layer graphene that show clear evidence for un-
expected even-denominator fractional quantum
Hall physics in the n = 3 Landau level. We nu-
merically investigate the known candidate states
for even-denominator fractional quantum Hall ef-
fect, including the Pfaffian, the particle-hole sym-
metric Pfaffian, the 221-parton, and several valley
/ spin singlet states, and conclude that, among
these, the 221-parton state is the most plausible
candidate to explain the experimentally observed
state. Like the Pfaffian, this state is also believed
to harbour quasi-particles with non-Abelian braid
statistics [7].
The Fractional Quantum Hall Effect (FQHE) has gen-
erated some of the most exotic emergent states in con-
densed matter. While the finest FQHE is seen in high
quality GaAs quantum wells, graphene offers the possi-
bility to discover new ground states since the electron-
electron interactions in n 6= 0 Landau levels (LLs) of
graphene are different from those in GaAs. A large num-
ber of FQH states have been observed in the n = 0
LL [8, 9], primarily at fractional fillings ν = s/(2ps± 1),
where s and p are positive integers. These FQH states
are understood as ν∗ = s integer quantum Hall states
of composite fermions carrying 2p vortices [10]. Experi-
ments on high quality bilayer graphene have revealed sev-
eral even denominator states [11–14], which are believed
to be analogous to the 5/2 state of GaAs systems and the
even denominator states observed in ZnO [15, 16]. More
recently, even denominator fractions have been reported
in the n = 0 LL of graphene [17], whose origin is not yet
fully understood although the authors of Ref. [17] favor
a multi-component scenario in which composite fermions
living on different carbon sublattices pair up. Progress
has recently been made toward identifying the topolog-
ical content of the 5/2 state in GaAs through thermal
Hall measurements, which show evidence for Majorana
edge states but are not consistent with either the Pfaf-
fian or the anti-Pfaffian model [18]. A concise account
of the topological order of the various candidate states
proposed to describe the 5/2 FQHE can be found in
Ref. [18]. Here we address the discovery of fractional
quantum Hall physics at half filling of the n = 3 LL of
monolayer graphene, where composite fermions are no
longer considered viable.
The experimental investigations in this work have been
carried out on van der Waals heterostructures composed
of a graphene monolayer sandwiched between thicker
hexagonal boron nitride (hBN) layers. Graphite back
or front gates offered density tunability. Details of the
sample fabrication are deferred to the Methods section.
Fig. 1 gives an overview of the Hall and longitudinal con-
ductivity recorded at a temperature of approximately 30
mK and a fixed magnetic field of 15 T. By gradually
raising the electron density with the field effect, the Lan-
dau levels with orbital indices 1, 2 and 3 get successively
filled. Both the valley and spin degeneracy of these lev-
els have been fully lifted as apparent from the observed
integer quantum Hall states.
In the n = 1 LL incipient FQH states are observed at
1/3 filling and substantially weaker ones at 2/5 filling.
Their particle-hole conjugates are even better developed.
These states follow the conventional sequence of compos-
ite fermions with two quantized vortices and have been
anticipated in samples of sufficiently high quality. They
were also observed in state-of-the-art samples reported
in the literature [19, 20]. Their manifestation serves as
a clear quality indicator. More evidence for outstanding
sample quality follows from signatures of FQHE at filling
1/5 observed in the n = 2 LL in Fig. 1. It is attributed
to the four flux composite fermion sequence of fractional
quantum Hall states and to the best of our knowledge
has not been reported previously in the n = 2 LL of
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FIG. 1. Behaviour of the longitudinal conductivity σxx and Hall conductivity σxy of sample D1. a, Color rendition
of the longitudinal conductivity as the n = 1, 2 and 3 Landau levels get gradually filled by tuning the electron density with the
graphite backgate. Colored boxes mark filling factors at which the electronic system apparently condenses in an incompressible
fractional quantum Hall state. To distinguish the details in the data across the full dynamic range of the conductivity, two
color scales have been introduced valid below and above filling factor 6 respectively. The inset shows an optical image of the
device. b, Line traces of the longitudinal and Hall conductivity recorded at 15 T. The orbital index of the Landau level being
filled is marked at the top. All displayed data were recorded at approximately 30 mK.
monolayer graphene.
Finally, new fractional quantum Hall territory is
charted when the n = 3 LL gets partially occupied.
Clear minima arise in the longitudinal conductivity σxx
whenever one of the four spin and valley split levels with
orbital index 3 are half filled. As seen in panel b of
Fig. 1, these minima are accompanied by well developed
plateaus in the Hall conductivity σxy with proper quan-
tized values equal to the conductance quantum e2/h mul-
tiplied by ν∗+1/2. Here, e is the electron charge, h is the
Planck constant and ν∗ the number of completely filled
valley and spin resolved LLs. An enlarged view of the
same data, recorded as the n = 3 LL is populated, has
been replotted in Fig. 2 together with an additional data
set acquired on a second van der Waals heterostructure
D2 in panel b. This second device also exhibits clear
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FIG. 2. Plateaus in the Hall conductivity at half filling
of the n = 3 spin and valley split Landau levels. a,
Data recorded on device D1 for B = 15 T. b, Same for
device D2 and B = 21.5 T. All data have been acquired
at a temperature of approximately 30 mK. dots mark 1/4
filling where both conductivities reveal signatures of reentrant
integer quantum Hall behavior.
features of even denominator fractional quantum Hall
physics, although a fully developed plateau is only avail-
able for the lowest valley and spin split n = 3 level. These
incompressible states are fragile. They disappear quickly
with increasing temperature and require the largest mag-
netic fields. Example dependencies on both parameters
are contained in section III. of the Supplementary Infor-
mation (SI) (see also Fig. S6) together with an attempt
to extract the thermal activiation energy (section II. SI
and Fig. S5). This fragility contrasts with the two-flux
and four-flux composite fermion states in the n = 1 and
n = 2 LLs which persist even up to 1K pot temperatures
(1.7 K) and fields down to 6 T (see section I. Additional
magnetotransport data in the Supplementary Informa-
tion).
The appearance of even-denominator fractional quan-
tum Hall states in the n = 3 LL of monolayer graphene
comes entirely unanticipated. In conventional semicon-
ductor based two-dimensional electron systems spon-
taneous symmetry breaking and charge density wave
(CDW) physics in the form of stripe and bubble phases
enters the scene in the n = 1 LL, where it still com-
petes with the FQHE [21–23]. However, in higher LLs
the CDW physics subdues FQH physics altogether. Ap-
parently, the balance of power is shifted in graphene be-
cause of the different, two-component nature of the LL
wave functions. For all but the n = 0 LL, these contain
a mixture of two adjacent GaAs LLs [24–28], which deci-
sively alters the effective electron-electron interaction in
n 6= 0 LLs of graphene. For instance, recent theoretical
work has highlighted that as a result CDW phases are
not expected in the n = 1 LL in monolayer graphene but
their first appearance should move to higher order LLs
compared to GaAs [29]. As a matter of fact, closer in-
spection of the data in Fig. 2 reveals reentrant integer
quantum Hall behavior through an extension of the in-
teger quantum Hall plateau up to 1/4 filling for multiple
n = 3 levels. Examples of incipient as well as fully devel-
oped reentrant behavior have been marked by a dot in
Fig. 2. This reentrant behavior is the typical hallmark
for bubble phase formation. A clearer demonstration of
the reentrant character by varying the temperature is
deferred to the Supplementary Information (section III.
Evidence of charge density wave physics and Fig. S6).
The experimental data at hand forces theory to revisit
the viability of fractional quantum Hall behavior in the
n = 3 LL and to investigate the nature of the observed
incompressible states at half filling of the spin and valley
split n = 3 LLs.
Before addressing the even denominator states in more
detail, it is instructive to consider the standard odd-
denominator states. Consistent with previous theory and
experiments [8, 9, 19, 20, 30], both two- and four-flux CFs
are stabilized in the n = 0 and n = 1 LLs. As discussed
in the Supplementary Information section III.2 (Table
S1-S3), theoretical comparisons with the exact Coulomb
eigenstates indicate that only four-flux CFs are stabilized
in the n = 2 LL, and neither two- nor four-flux CFs are
stabilized in the n = 3 LL. This is consistent with the
fact that in the n = 2 LL the 1/5 FQHE is observed while
the 1/3 FQHE is absent, and in the n = 3 LL there is no
sign of either the 1/3 or the 1/5 state.
Numerical calculations, summarized in the Supplemen-
tary Information (Section III.3), reveal that in the n = 3
LL, neither the Pfaffian nor the particle-hole symmetric
Pfaffian are viable in the vicinity of the Coulomb inter-
action. Various two-component states were also tested,
but are also not favored (see SI Section III.4). We there-
fore appeal to the parton paradigm [31], a generaliza-
tion of the composite fermion construction, which can
also serve as a source of inspiration to construct poten-
tially relevant Ansatz wave functions for incompressible
ground states. The parton construction consists of first
decomposing each electron into a set of fictitious parti-
cles referred to as partons. Each parton species is then
placed into some integer quantum Hall state and finally
4the partons are fused back together to recover the phys-
ical electron. The parton construction obtains the stan-
dard Abelian states of composite fermions, but also more
general states that do not lend themselves to an inter-
pretation in terms of composite fermions, some of which
also support non-Abelian excitations [7]. Here, we con-
sider the so-called 221-parton state with the wave func-
tion [7, 32–34]
Ψ221−parton = PLLLΦ22Φ1, (1)
where Φn is the wave function of n filled LLs. PLLL
denotes projection into the LLL, which we evaluate by
calculating the overlap of the unprojected wave function
with each lowest LL basis function with the Monte Carlo
technique [35]; this approach yields explicit LLL wave
functions for up to N = 12 particles. A definitive real-
ization of the 221-parton state has not yet been achieved,
although it has been theoretically proposed for a certain
parameter regime in bilayer graphene [33].
The theoretical confirmation of a proposed mechanism
for the FQHE requires that, for the physically realistic
interaction, the Ansatz wave function has a substantial
overlap with the exact ground state and that the system
is incompressible, i.e. has a non-zero gap in the thermo-
dynamic limit. The interaction between electrons con-
fined to a LL is fully defined by specifying the Haldane
pseudopotentials Vm [36], which are the energies of a pair
of electrons in states with relative angular momentum
m. These pseudopotentials enable the transformation
of the problem to solve to a mathematically equivalent
problem of electrons residing in the LLL and interact-
ing through an effective interaction that has the same
Haldane pseudopotentials as the Coulomb interaction in
the n = 3 LL (see section III. Theoretical models in the
Supplemental Information for details [37]). The actual
interelectron interaction will be modified in a complex
manner due to screening by gates and also because of
LL mixing. It is expected that screening will make the
interaction more short ranged, i.e. it will effectively in-
crease the V1 pseudopotential relative to others, while
LL mixing will decrease all Vm. The corrections due
to LL mixing, parametrized by the dimensionless quan-
tity κ = (e2/(`)/(~vF`)), where vF is the Fermi velocity
(note that unlike GaAs, the LL mixing in graphene is
independent of the external field), have been considered
in a perturbative approach [38, 39]. The value of κ varies
from 2.2 for suspended graphene to 0.5-0.8 for graphene
on hBN [19, 40, 41]. We have found that while the bare
n = 2 LL Coulomb interaction produces ν = 1/5 FQHE,
consistent with our experimental observation, the mod-
ified interaction given in Ref. [38] with κ = 0.5 − 0.8
fails to do so, suggesting that, while valid at small κ,
the modified interaction overestimates the deviation from
pure Coulomb at the experimental values of κ. We there-
fore consider a range of interactions in the vicinity of the
n = 3 Coulomb interaction by allowing some variation
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FIG. 3. Color rendition of the overlap between the
“exact” ground state and 221 parton state and the
transport gap in the vicinity of the Coulomb inter-
action point in the n = 3 LL of graphene. a, Overlap
for the 221-parton state. Simulations were performed for a
41× 41 grid of parameter pairs. The white dot in the center
of the panel marks the exact Coulomb point in the n = 3
graphene LL and δV1 and δV3 denote changes to the first
two relevant Haldane pseudopotentials. b, Transport gap for
n = 3 Landau level of graphene extracted from exact diag-
onalization in the vicinity of the Coulomb interaction. The
transport gap is shown for 21 values of the interaction defined
by Vm + δVm, where Vm are the Haldane pseudopotentials for
the pure Coulomb interaction, δV1 = −δV3, and all other
δVm = 0. The transport gap is defined as (E
+ +E−−2E0)/2
where E0 is the ground state energy at shift 5 (corresponding
to the 221 parton state), E+ and E− are the ground state
energies at shifts 4 and 6 respectively, and the factor of 2 in
the denominator arises because the addition (removal) of a
single flux quantum creates two quasiholes (quasiparticles) of
charge e/4 (−e/4).
of the pseudopotentials V1 and V3, which we will denote
as δV1 and δV3. We note that only pseudopotentials Vm
with odd m are relevant for single component electrons.
Encouragingly, the 221-parton state exhibits a large
overlap across a substantial area of parameter space with
the pure Coulomb interaction point close to the perime-
ter of this region (see Fig. 3a). In order to assess further
whether it is realistic for this parton state to be real-
ized in experiment, it is necessary to demonstrate a non-
vanishing transport gap, which is the energy required to
create a pair of far separated quasi-particles with charge
±e/4. These transport gaps are displayed in Fig. 3b for
systems of 12 to 20 particles. They are obtained from
exact diagonalization of the model Hamiltonian along a
diagonal line extending from the Coulomb point into the
red region in Fig. 3a. It has unfortunately not been pos-
sible to obtain reliable thermodynamic estimates for the
gap because of strong finite size fluctuations, which are
a common feature of delicate FQH states in higher order
Landau levels [42]. Nonetheless, the transport gap is seen
to be very stable in a large part of the interaction space;
it is on the order of 0.02 e2/(`) in the stable region near
5the Coulomb point. Hence, our calculations demonstrate
that changes of only a few % in the interaction pseudopo-
tentials are sufficient to stabilize the 221-parton state in
the n = 3 graphene LL, making it plausible that the
experimentally observed state is adiabatically connected
to, and thus topologically equivalent to, the 221-parton
wave function. A convincing proof, however, will require
a more accurate account of the interaction between elec-
trons including all corrections. This is inherently a com-
plex problem and beyond the scope of our current study.
The 221-parton state is topologically distinct from the
Pfaffian, anti-Pfaffian and the PH-Pfaffian states, which,
at least in principle, enables experiments to distinguish
between them. While all these states have the same
quasi-particle charge and Ising non-Abelian statistics,
they differ in other properties, such as the quasi-particle
tunneling exponent and the presence of backward mov-
ing neutral modes, as reviewed in Refs. [18, 33, 43]. In
particular, the 221-parton state has a thermal Hall con-
ductance of κxy = 5/2 in units of (pi
2k2B/(3h))T , whereas
the Pfaffian, PH-Pfaffian and anti-Pfaffian states have
in the same units κxy = 3/2, 1/2 and −1/2, respectively
(in addition to the contribution from the filled LLs). The
three states also have different Hall viscosities, given by
[44] ηH = ~ρ0S/4, where ρ0 = ν/(2pi`2) is the density
and S is the “shift” in the spherical geometry [36], given
by S = 3, −1, 1 and 5 for the Pfaffian, anti-Pfaffian, the
PH-Pf and 221-parton states [45] respectively.
In conclusion, we have presented compelling experi-
mental evidence for the existence of an unanticipated
incompressible fractional quantum Hall state in state-of-
the-art encapsulated monolayer graphene when Landau
levels with orbital index 3 are half filled. The usual
suspect, the Pfaffian state, which exhibits substantial
overlap with the exact ground state of finite size systems
in previously reported examples of even denominator
fractional quantum Hall physics, is not stable in any
region close to the n = 3 Coulomb interaction and can
therefore be excluded to cause this behavior. This mo-
tivates the search for a fundamentally different ground
state. Here, we have propounded the 221-parton state.
Our studies indicate that this state is plausible and vi-
able in a sizeable region of the Haldane pseudopotential
parameter space near the Coulomb interaction point. A
decisive validation of the 221-parton state will require
further theoretical and experimental work investigating
the properties of the ground state as well as its putative
non-Abelian excitations. It is conceivable that the
221-parton state is the first state in the parton sequence
(22n) and the next member of this sequence (222) which
occurs at 2/3 filling or its particle hole conjugate at
1/3 filling would possibly be seen as the sample quality
improves. The currently observed incompressible state
already holds the promise of much exciting physics as
has been true for previously reported even denominator
FQH states in single component systems.
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METHODS
Device fabrication. The investigations in this work
have been carried out on four different devices referred
to as D1 through D4. D1 is a van der Waals heterostruc-
ture composed of a graphene monolayer sandwiched be-
tween thicker hBN layers and this stack is placed on top
of a graphite back gate. Devices D2 to D4 are in addi-
tion equipped with a top graphite gate covered by a hBN
multilayer. Devices D1 and D2 were manufactured in am-
bient condition. Whereas for Devices D3 and D4 sample
fabrication was done under the high vacuum (5 × 10−4
mbar). Except vacuum environment, all procedures for
6stacking are the same. Here we briefly describe the fab-
rication procedure for these four devices.
D1 has been assembled with the help of a modified vis-
coelastic stamping method [46]. The top hBN layer was
directly exfoliated to a commercially available viscoelas-
tic stamp (Gel-Pak, PF-30/17-X4). A suitable hBN flake
was carefully selected in the dark field image of an optical
microscope according to the following criteria: thickness
homogeneity, absence of wrinkles and bubbles and the
presence of a corner with an angle of 120◦ indicative of
flake termination along the main crystal directions. The
selected flake had a thickness of approximately 10 nm.
The subsequent graphene and hBN layer of the van der
Waals heterostructure were first exfoliated on top of a
90 nm thick SiO2 thermally grown on a Si substrate. A
graphene and hBN layer with straight boundaries and a
120◦ corner were chosen. The bottom BN had at thick-
ness of about 20 nm.
The viscoelastic method offers control over the pick-up
and release process simply by varying the contact area be-
tween the SiO2 substrate and the layers already available
on the stamp. For instance, if the top hBN layer directly
exfoliated on the stamp touches the substrate completely,
hBN will be transferred to the substrate. However, if the
hBN covers entirely a graphene flake on the substrate and
only partially touches the substrate, the graphene will be
picked up instead. To increase the yield during pick-up,
the hBN initially exfoliated on the stamp is chosen at
least 2 times bigger than the graphene and bottom hBN
layers that need to be picked up. A typical size of this
hBN layer is about 40 µm× 40 µm.
Using an appropriate tool offering x, y, z as well as ro-
tational motion, the monolayer graphene to be picked
up was slowly approached by the stamp holding the top
hBN layer. To avoid an emerging Moire´ superlattice po-
tential to our device, the boundaries of the two flakes
were aligned by aiming for a 5◦ to 30◦ twist angle be-
tween the hBN and the graphene flake. Upon establish-
ing contact, the graphene was finally picked up. Follow-
ing the same procedure, the bottom hBN and bottom
graphite were picked-up. The heterostructure was then
transferred onto a Si substrate with a 280 nm thick SiO2
surface layer. During the entire pick-up procedure, the
sample stage was kept at a temperature of 120◦C. In or-
der to expand the useable area of the sample with atomic
scale flatness, the stack was annealed at 500◦C in forming
gas at an ambient press of 150 mbar for 30 min. We did
not observe any changes in the relative orientation and
placement of the constituent flakes as a result of the an-
nealing [47]. Electron beam lithography was deployed for
etching and deposition of contacts. The details of these
processing steps can be found elsewhere [48].
The fabrication of devices D2-D4 is more complex as
it requires two additional pick-up steps in order to add
a front gate and encapsulation with hBN. To accom-
plish this successfully and with reasonable yield, we re-
sorted to the same basic procedures but with an alter-
native, polymer-based stamp rather than a viscoelastic
stamp[49, 50]. Devices D2-D4 were annealed under iden-
tical conditions as Device D1. For device D4, a Moire´
superlattice potential was imposed by choosing a zero de-
gree alignment between the graphene monolayer and the
adjacent hBN layer covering it from the top. To avoid
multiple Moire´ superlattice potentials, the bottom hBN
was intentionally misaligned by 30◦ with respect to the
already picked up hBN/graphene heterostructure.
We use CHF3/O2 or SF6/Ar plasma for etching hBN
layer. Since etching speed of these plasmas is slow for
carbon, we selectively etch top hBN and top graphite
is then etched by O2 plasma. Now, O2 plasma etching
rate for hBN is extremely low, so that middle hBN safely
protects graphene during etching step for top graphite.
Finally, we etch middle hBN, graphene, and bottom hBN
all together using CHF3/O2 or SF6/Ar plasma. To avoid
possibility of short circuit between graphene and bottom
graphite, we etch only halfway through bottom hBN.
Transport measurements. The transport measure-
ments on D1-D3 were recorded in a top-loading-into-
mixture dilution refrigerator (Oxford Instruments) at a
base temperature of approximately 30 mK. D4 was in-
vestigated in a physical property measurement system
of Quantum Design (PPMS Dynacool) down to tem-
peratures of 1.7 K. Transport measurements were per-
formed with conventional four terminal lock-in tech-
niques at an excitation current I which varied be-
tween 10 and 100 nA at a frequency of 17.777 Hz.
Data availability. The data that support the findings
of this study are available from the corresponding author
on reasonable request.
SUPPLEMENTARY INFORMATION ON
“EVIDENCE FOR A NEW
EVEN-DENOMINATOR FRACTIONAL
QUANTUM HALL STATE IN GRAPHENE”
I. ADDITIONAL MAGNETOTRANSPORT DATA
Figure S1 illustrates an example of the fractional quan-
tum Hall effect in the n = 0 Landau level on device D2 at
T = 30 mK. The conventional sequence of two-flux and
four-flux composite fermion states at ν = n/(2pn ± 1)
is observed all the way up to n = 4 for p = 1 (two-flux
CFs) and n = 2 for p = 2 (four-flux CF states at ν = 3/4
and 5/4 for B = 19 T ). For the two-flux states the lon-
gitudinal resistance approaches 0 Ω. This is unusual for
a Hall bar geometry in graphene. Indeed, quantum Hall
data on graphene and bilayer graphene frequently suffer
from “imperfect” behavior of the longitudinal resistance
minima, whereas the plateaus in the Hall resistance are
often well pronounced. In higher Landau levels, our data
also suffer from less well developed minima in the longi-
7tudinal resistance. It should not be ignored however that
the most compelling evidence for fractional quantum Hall
behavior is the appearance of a plateau in the Hall re-
sistance. Its value and location offer mutual redundancy
and this is the essential information. This is particularly
true here for the even-denomintaor state in the n = 3
Landau level (see Fig. 1 and 2 in the main text).
This issue of poorly developed longitudinal resistance
minima has been attributed to edge disorder and the
metal contacts. The Corbino disk geometry has been
used to mitigate these problems [51, 52]. In these refer-
ences, data recorded on a Corbino disk have been com-
pared to a Hall bar. The Corbino geometry showed
significantly nicer fractional quantum Hall behavior in
the longitudinal resistance (minima approaching zero)
despite the same residual density in both geometries,
an important figure of merit for quality. Also scan-
ning/bulk capacitive spectroscopy techniques have been
resorted to as they show better resolution due to the ab-
sence of edge contributions. Examples can be found in
Ref. [8, 9, 13, 17]. While all these methods yield clear
evidence for incompressible behavior and are very valu-
able, they do not offer any confirmation through the Hall
resistance plateau. This is particularly important when
a new fractional quantum Hall state is discovered, since
incompressible behavior can also arise for instance from
insulating behavior, reentrant integer quantum Hall be-
havior as well as a fractal energy spectrum due to a su-
perimposed Moire´ lattice. This uncertainty is not avail-
able in the Hall bar geometry and has therefore been the
preferred choice in this work.
Panel a in Figure S2 displays transport data recorded on
device D1 at 1.3 K. A comparison regarding the fractional
quantum Hall features with the data plotted in Fig. 1 of
the main text reveals that the minima in the longitudinal
conductivity as well as the Hall conductivity, when either
the n = 1 or n = 2 LL is partially filled, remain largely
unchanged as the temperature is raised from 30 mK to 1.3
K. However, the even denominator fractional quantum
Hall state in the n = 3 Landau level is strongly affected
by temperature and only weak signatures persist up to
1.3 K. Small dips in σxx can still be discerned but the
plateaus have vanished.
In panel b of Fig. S2 we have plotted single traces of
the longitudinal and Hall conductivity for sample D2 at
a field of 21.5 T. This is the same data set as what has
been plotted in Fig. 2b of the main text, but here the
filling factor range does not just cover the n = 3 Landau
level. As with device D1, robust fractional quantum Hall
states corresponding to composite fermions carrying two
vortices are observed when the n = 1 LL is partially
filled and four-flux fractional quantum Hall states at 1/5
filling are seen for the n = 2 LL. We see signatures of
fractional quantum Hall states at ν = 34/5 and 39/5.
These correspond to the particle-hole conjugate states of
the ν = 31/5 and 36/5 states.
Device D3 exhibits the same fractional quantum Hall
features as those distinguished in samples D1 and D2
(Fig. S3). However, in addition the ν = ν∗ + 4/5 states
for ν∗ ∈ {6, 7, 8, 9} are clearly resolved. The even de-
nominator fractional quantum Hall effect in the fourth
Landau level (n = 3) is weak. Small dips in σxx are not
accompanied by well developed plateaus in σxy but only
weak slope changes.
Finally, Fig. S4 summarizes magnetotransport data
acquired on device D4 at 1.7 K in order to illustrate
the impact of a Moire´ superlattice potential generated
by intentionally aligning one of the hBN layers with
the graphene monolayer. As a result of the superlattice
potential induced zone folding, a secondary charge
neutrality point appears when the first miniband is
completely filled. This occurs in the experiment at a
gate voltage of approximately 6 V, as evidenced by a
second Landau level fan emanating at this gate voltage
abscissa in Fig. S4 due to a second series of integer
quantum Hall minima in σxx. The quantum Hall effect
for charge carriers occupying the main Dirac cones starts
at fields as low as 150 mT and broken symmetry states
appear near 1.5 T. The spin and valley degeneracies
are fully lifted up to the n = 6 LL at 4 T. Despite the
band structure modifications, the observed fractional
quantum Hall states in the n = 1 and 2 LL are the same
as that we observed in devices D1 - D3. The full set of
Laughlin states at 1/3 and 2/5 filling of the n = 1 valley
and spin Landau levels are observed, except between
ν = 5 and 6. Examples include 7/3, 8/3, 10/3, 11/3,
13/3, 14/3, 16/3, 12/5, 13/5, 17/5, 18/5, 22/5, and
23/5. We also observe 1/5 and 4/5 fractional quantum
Hall states in the n = 2 LL from 6 T onwards as shown
in the middle panel of Fig. S4b. These states rapidly
vanish when the magnetic field is increased. Hofstadter
butterfly features induced by the superlattice potential
then start to overwhelm. For the same reason, we are
unable to observe even denominator fractional quantum
Hall physics in the n = 3 LL, since this requires high
fields where the fractal butterfly spectrum takes over.
II. THERMAL ACTIVATION GAP FOR
EVEN-DENOMINATOR STATES
The extraction of an activation energy for the even de-
nominator state in the n = 3 Landau level is hampered
by the weakly developed resistance minimum. The situ-
ation is reminescent to the seminal work of Willett and
co-workers in 1987 reporting even denominator fractional
quantum Hall physics at filling factor 5/2 in GaAs [1].
There too, the decisive criterion was the appearance of a
plateau in the Hall resistance. The minimum stayed far
away from zero and the temperature dependence changed
the resistance mainly away from the minimum. The re-
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longitudinal resistance as a function of filling factor and magnetic field at T = 30 mK. Some 2-flux fractions are denoted by
their filling factor at the top and the bottom. b, Single line trace of Rxx as a function of filling at 19 T. Navy blue and red
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sistance minimum itself was hardly affected. The ex-
traction of the thermal activation gap was only possible
with an unconventional procedure. Here, its value is of
limited use, because the temperature range that can be
covered is very small and the disorder broadening will
also mask the proper value. Nevertheless, an attempt
has been made to determine the thermal activation en-
ergy. The approach relies on the subtraction of a back-
ground and the use of Rdip/Rback as shown in the inset
of Fig. S5b and outlined in a previously reported study
addressing an even-denominator fractional quantum Hall
state in bilayer graphene [14] and Hofstadter’s butterfly
experiment on monolayer graphene [53]. We obtain a gap
size of about 0.2 K for the ν = 11/2 and 13/2 states at
17 T. The extracted gap size increases up to 0.5 K at
the maximum magnetic field B of 21.5 T available to us.
We reiterate that in view of the required procedure, the
disorder broadening and the limited temperature range
that can be covered, this value must be considered as a
very rough estimate only.
III. EVIDENCE FOR CHARGE DENSITY WAVE
(CDW) PHASES
Some additional minima in the longitudinal resistance
are also observed near 1/4 filling of the n = 3 spin and
valley split Landau levels. Exemplary data are shown
for device D2 in Fig. S6a between filling factor 10 and
12 at a magnetic field of 21.5 T. Black arrows mark the
location of two clear minima.
They are apparently accompanied by integer quantum
Hall behavior identical to the nearest integer quantum
Hall state as seen in the Hall resistance trace displayed
in the same panel. This reentrant integer quantum Hall
behaviour is reminescent of what occurs in Landau lev-
els with n ≥ 2 in GaAs where fractional quantum Hall
states are energetically no longer favored. Instead, due
to spontaneous symmetry breaking, charge density waves
are hosted. For this particular filling factor, a bubble
phase forms [23, 54, 55].
The reentrant nature of the integer quantum Hall effect
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in the case at hand becomes more obvious in the water-
fall plot in panel b. At intermediate temperatures Rxy
deviates from the plateau value in the region between the
integer quantum Hall state and the reentrant state. It is
lifted to the plateau value at even lower temperatures.
The emergence of the bubble phase in graphene has re-
cently indeed been anticipated by theory for levels with
orbital index n ≥ 2 [29]. Contrary to GaAs systems,
bubble phases are not expected in the n = 1 LL. Our ex-
perimental observations are in line with this theory. For
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the sake of completeness, panel c and d of Fig. S6 dis-
play the longitudinal and Hall resistance data recorded
at different values of the magnetic field. Stronger fields
are obviously beneficial and improve the visibility of the
CDW hallmarks.
Our interpretation as reentrant behavior is also corrob-
orated by the width of the plateau. At the lowest temper-
ature when the plateau has been maximally extended, it
is much wider than other integer quantum Hall plateaus
for Landau levels where reentrant integer quantum Hall
behavior is not observed (see Fig. S2.b). For instance at
higher temperature the plateau widths at filling factor 7
and 11 are very similar. However, at the lowest temper-
ature the plateau at filling factor 11 is considerably ex-
tended due to the merger of the reentrant quantum Hall
behavior and the integer quantum Hall state plateau.
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III. THEORETICAL METHODS
III.1 Haldane pseudopotentials in Landau levels of
graphene
The Coulomb interaction between electrons in any
given Landau level (LL) indexed by n is conve-
niently parametrized using the Haldane pseudopotentials
V
(n)
m [36], which are the energies of two electrons in a
state of relative angular momentum m in the nth LL.
Choosing the magnetic length ` =
√
~c/(eB) as the unit
of length and e2/(`) as the unit of energy (where  is
the dielectric constant of the background material), the
Haldane pseudopotentials in the disc (planar) geometry
in the nth LL are given by:
V (n)m =
∫
dq F (n)(q)e−q
2
Lm(q
2), (S1)
where Lm(x) is the Laguerre polynomial of order m and
F (n)(q) is a form factor which depends only on the mag-
nitude of the planar wave vector q = |q |. The form-factor
in the nth LL of graphene is given by [24–28]:
F (n)(q) =

1 n = 0
1
4
[
L|n|−1
(
q2
2
)
+ L|n|
(
q2
2
)]2
n 6= 0 (S2)
which should be contrasted with F
(n)
GaAs(q) = Ln(q
2/2) for
LLs in GaAs. For the n = 0 LL the pseudopotentials are
the same in graphene and GaAs, but they differ for other
values of n. The above equation shows that the Coulomb
interaction in |n| ≥ 1 LL of graphene is a mixture of the
Coulomb interaction in the |n|th LL and (|n|−1)th LL of
GaAs. For the two LLs of our primary interest, namely
the n = 2 and n = 3 LLs of graphene, the Coulomb
pseudopotentials in the disc geometry are given by:
V (2)m =
(65536m4 − 499712m3 + 1250048m2 − 1136032m+ 264705)Γ(m− 72 )
131072 Γ(m+ 1)
(S3)
V (3)m =
(64m(4m(16m(4m(32m(8m− 139) + 29817)− 386923) + 9915059)− 27868989) + 361610865)Γ (m− 112 )
8388608 Γ(m+ 1)
Fig. S7 shows a plot of these pseudopotentials. The sys- tem of electrons in the lowest LL interacting with V
(n)
m
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pseudopotentials are equivalent to the system of electrons
in the nth LL interacting with the Coulomb interaction.
This allows us formally to simulate the physics of an ar-
bitrary LL in the lowest LL.
All calculations in this work are carried out in the
spherical geometry [36] where N electrons move on the
surface of the sphere in the presence of a radial magnetic
flux of 2Q(hc/e). Various incompressible states occur at
flux 2Q = ν−1N − S, where S is called the “shift” [45]
which depends on the specific trial state. To simulate the
Coulomb interaction in this geometry we use the spher-
ical analogs of the disc pseudopotentials, which are ob-
tained from the exact solution of the Dirac equation in
the presence of a radial magnetic field in the spherical ge-
ometry [30, 56]. We have checked that the results of our
calculations are essentially unchanged whether we use the
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FIG. S7. Haldane pseudopotentials in the disc geome-
try for different Landau levels of monolayer graphene.
For the sake of comparison also the pseudopotentials in the
n = 1 Landau level of GaAs have been included.
spherical or the disc pseudopotentials. We use the exact
diagonalization routines provided in the DiagHam pack-
age [57].
III.2 Two- and four-flux CF states in the Landau
levels of graphene
An extensive set of fractional quantum Hall states has
been observed in the n = 1 LL [20], but as yet no FQHE
has been reported in n ≥ 2 LL of monolayer graphene.
In the current experiment we observe four 1/5 states (as
well as their particle-hole conjugates at 4/5) in the n = 2
Landau level. Table S1 demonstrates that the Laugh-
lin state [58] at ν = 1/5 indeed captures this FQHE.
Similarly high overlaps between the 2/9 Coulomb ground
state with the Jain 2/9 state (Table S2) suggest that 2/9
and other composite-fermion states at n/(4n ± 1) may
also appear in the n = 2 graphene LL as sample quality
improves further. At the same time, calculations pre-
dict that the FQHE at 1/5 and 2/9 should be absent
in the n = 3 graphene LL, in agreement with experi-
ment. Our calculations also corroborate that the Laugh-
lin state [58] at ν = 1/3 is not stabilized in either the
n = 2 or n = 3 LL (see Table S3), consistent with the
experiment. The general consistency between experimen-
tal observations and predictions based on pure Coulomb
interaction supports the notion that the corrections to
the Coulomb interaction due to Landau level mixing or
backgate screening are not large.
III.3 Pfaffian and PH-Pfaffian states
The Pfaffian state is described by the Moore-Read
wave function [2]
ΨPf = Pf
({
1
zj − zk
})
Φ21, (S4)
where zj = xj − iyj denotes the two dimensional coordi-
nate of the jth electron and Φ1 is the wave function of 1
filled LL. The Pfaffian factor represents a chiral p-wave
paired state, whereas the factor Φ21 ∼
∏
j<k(zj − zk)2
binds vortices to electrons to convert them into composite
fermions, thus producing a wave function for a topologi-
cal p-wave paired state of composite fermions. (We omit
the ubiquitous Gaussian factors e−
∑
i |zi|2/(4`2), where
` =
√
~c/(eB) is the magnetic length, for ease of no-
tation.) The hole partner of the Pfaffian, called the anti-
Pfaffian [3, 4] is energetically equivalent to the Pfaffian in
the absence of explicit particle-hole symmetry breaking
terms induced by LL mixing and will not be considered
separately.
The Pfaffian or the anti-Pfaffian pairing requires a
spontaneous breaking of particle-hole symmetry. How-
ever, in the context of the Dirac CF description of the
CF Fermi sea [59], particle-hole symmetric pairing of
composite fermions has attracted interest recently. We
therefore also consider the Pfaffian related wave function,
called particle-hole symmetric Pfaffian (PH-Pf)
ΨPH−Pf = PLLLPf
({
1
zj − zk
})
Φ21, (S5)
that has first been put forward by Zucker and Feld-
man [60] and to a good approximation satisfies particle-
hole symmetry [61, 62]. As for the 221-parton state, the
LLL projection is evaluated by calculating the overlap of
the unprojected wave function with each lowest LL basis
function with the Monte Carlo technique [35]. We note
that the above PH-Pfaffian wave function is equivalent
to that constructed earlier by Jolicoeur [63]. Jolicoeur’s
wave function differs from ΨPH−Pf by a factor of |Φ21| be-
fore projection, but the two are essentially identical after
projection; Ref. [62] has found that they have an overlap
of 0.993 for N = 12 electrons.
To test the viability of these states, we assume that
all four Landau bands of the n = 3 LL are fully split,
as confirmed in the experiment, which allows us to re-
strict to a single band with a well defined spin and valley
quantum number (multi-component states involving spin
and valley are addressed in section III.4 below). Panels
a and b of Fig. S8 show the overlaps between the exact
ground state and the Pfaffian or the particle-hole sym-
metric Pfaffian wave functions in the two-dimensional pa-
rameter space spanned by δV1 and δV3, each varying from
-0.1 to + 0.1 in the neighbourhood of the Coulomb inter-
action point (i.e. δV1 = δV3 = 0). The Pfaffian wave
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FIG. S8. Overlaps for the Pfaffian and the PH-Pfaffian
states with the exact ground state in the vicinity of
the n = 3 graphene Landau level Coulomb interaction
point. Each graph is a color rendition of the overlap as the V1
and V3 pseudopotentials are varied from their Coulomb values
by amounts δV1 and δV3, respectively. The spherical geometry
is used, and the particle number N and the flux value 2Q is
shown on each panel. The pure Coulomb point is marked by
a white dot in each panel. The color rendition for the Pfaffian
and the PH-Pfaffian overlaps is based on simulations of 41×41
and 201× 201 parameter pairs respectively.
function has a negligible overlap in the neighborhood
of the Coulomb interaction point. For the PH-Pfaffian
the overlap is low except in a small region, where it is
mediocre. We conclude that neither the Pfaffian nor the
particle-hole symmetric Pfaffian is plausible for interac-
tions in the vicinity of the Coulomb interaction. This
points to a new physical origin for the observed incom-
pressible ground state at half filling of the n = 3 LLs.
III.4 Spin/valley-singlet states
So far we have considered only fully spin/valley po-
larized states. One may ask if spin/valley singlet states
may be relevant for the FQHE at 1/2 filling in the n = 3
LL. For convenience we shall use a notation where “spin”
refers to either the real spin or the valley index (or, for
bilayer systems, the layer index). In this section we con-
sider four spin/valley-singlet candidate states:
• The Haldane-Rezayi wave function [64, 65]:
ΨHR = Det
(
1
(z↑i − z↓j )2
)
Φ21 (S6)
where z↑ and z↓ denote the coordinates of spin up
and spin down electrons, respectively. This state
occurs at 2Q = 2N−4 and is obtained by diagonal-
izing the hollow-core Hamiltonian Vm = δm,1[64].
• A spin singlet 221-parton state can be constructed
by placing one of the partons in the ν = 2 spin
singlet state Φ1↑,1↓ in which both spin-up and
N 2Q dim. Lz = 0 dim. L = 0 |〈ψGLL21
5
|ψL1
5
〉| |〈ψGLL31
5
|ψL1
5
〉|
7 30 48,417 62 0.980 0.000∗
8 35 450,096 365 0.964 0.000∗
9 40 4,323,349 2,082 0.937 0.000∗
10 45 42,611,589 14,664 0.938 0.000∗
TABLE S1. Overlap of the Laughlin 1/5 state ψL1
5
with the exact Coulomb ground states in the n = 2
and n = 3 graphene Landau levels. These ground states
are denoted as ψGLL21
5
and ψGLL31
5
. The spherical geometry is
used. The overlaps for 1/5 in the n = 2 LL were also given
in [68]. Hilbert space dimensions in the Lz = 0 and L = 0
sectors are shown, where L is the total angular momentum
and Lz is its z-component. The asterisk
∗ indicates that the
ground state does not have uniform density, i.e., has L 6= 0.
The Laughlin 1/5 state occurs at a flux value of 2Q = 5N−5.
spin-down components of the LLL are completely
filled [66]. We can project it into the lowest LL in
two ways. The direct projection yields
Ψ221,singlet = PLLLΦ1Φ1↑,1↓Φ2, (S7)
where Φ1 and Φ2 are the usual wave function of
1 and 2 filled LLs of fully polarized electrons re-
spectively. The so-called hard-core projection [66]
results in
Ψhcp221,singlet = Φ1PLLLΦ1↑,1↓Φ2. (S8)
It describes a state that is annihilated by the co-
incidence of any two particles, irrespective of their
spin. Both states occur at 2Q = 2N − 4.
• Finally, we also consider the spin-singlet composite
fermion Fermi sea given by
ΨCFFSsinglet = PLLLΦ21ΦFSsinglet, (S9)
where ΦFSsinglet is the spin/valley-singlet Fermi sea
wave function. This state occurs at 2Q = 2N − 2.
The spin-singlet 221 and spin-singlet composite fermion
Fermi sea states were obtained by a brute force expan-
sion of the wave function and then retaining the part
residing in the LLL (we thank Y.-H. Wu for sharing
these states with us [67].)
We compare these states with the exact ground states
while setting the spin/valley splitting energy to zero. We
use the Coulomb pseudopotentials for the n = 3 graphene
LL, while allowing variation of V0 and V1 by δV0 and δV1,
respectively. The overlap maps shown in Fig. S9 lead us
to surmise that none of the spin-singlet candidate states
we have considered occurs in the vicinity of the Coulomb
interaction in the n = 3 graphene LL.
For the sake of completeness, we mention another two-
component state that can occur at half filling, namely
16
N 2Q dim. Lz = 0 dim. L = 0 |〈ψGLL22
9
|ψJ2
9
〉| |〈ψGLL32
9
|ψJ2
9
〉|
6 21 2,137 13 0.969 0.027
8 30 139,143 164 0.985 0.000∗
10 39 10,388,788 5,015 0.963 0.000∗
TABLE S2. Overlap of the Jain 2/9 state with the
exact Coulomb ground states in the n = 2 and n = 3
graphene Landau levels The Jain 2/9 state occurs at a
flux value of 2Q = 9N/2− 6.
N 2Q dim. Lz = 0 dim. L = 0 |〈ψGLL21
3
|ψL1
3
〉| |〈ψGLL31
3
|ψL1
3
〉|
10 27 246,448 319 0.000∗ 0.000∗
11 30 1,371,535 1,160 0.000∗ 0.000∗
12 33 7,764,392 4,998 0.000 0.000
13 36 44,585,180 21,660 0.000∗ 0.000
TABLE S3. Overlap of the Laughlin 1/3 state with
the exact Coulomb ground states in the n = 2 and
n = 3 graphene Landau levels The Laughlin 1/3 state
occurs at a flux value of 2Q = 3N − 3.
Halperin’s (3, 3, 1) state [69] whose wave function is given
by:
Ψ(3,3,1) =
∏
j<k
(z↑j − z↑k)3
∏
j<k
(z↓j − z↓k)3
∏
j,k
(z↑j − z↓k)1.
Unlike the states considered above, this state is not a
singlet and its stabilization requires an interaction that
depends on the component index. This state is observed
in double quantum well systems [70, 71] where the in-
teraction between two electrons is different depending on
whether they reside in the same layer or in different lay-
ers. In monolayer graphene the Coulomb interaction is
symmetric in the spin degree of freedom, but one may ask
if the valley index can play the role of layer mentioned
above. In the limit where the magnetic length, which gov-
erns the size of the localized electron wave packet, is large
compared to the lattice spacing, the interaction is inde-
pendent of the valley index and the (3, 3, 1) state is not
relevant. For our system the magnetic length is about 6
nm, while the C-C distance in monolayer graphene is 0.14
nm. A detailed analysis of the phase diagram as a func-
tion of the change in the short range part of the Coulomb
interaction due to the lattice effects has been performed
for ν = 0 [72, 73]. Here, while the strengths of various
interactions are not precisely known, they can be esti-
mated from comparison to the phase diagram obtained
from experiments. To our knowledge, a similar analysis
has not been carried out for the n = 3 LL. Nonetheless,
no evidence has been seen in the n = 3 LL for the vari-
ous correlated phases reported at ν = 0 (e.g. the antifer-
romagnet [74, 75], which indicates that the short range
interaction responsible for breaking of the SU(2) valley
symmetry is weak. We have therefore not considered the
(3, 3, 1) state.
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FIG. S9. Overlaps for two-component candidate states
with the exact ground state in the vicinity of the n =
3 graphene Landau level Coulomb interaction point.
Each graph is a color rendition of the overlap as the V0 and V1
pseudopotentials are varied from their Coulomb values. All
calculations are performed in the spherical geometry. Top
left, Overlap with the 10 particle spin singlet 221-parton state
obtained by a direct LLL projection at a flux value of 2Q =
2N − 4. Bottom left, Overlap with the same parton state
at the same flux but obtained from a hard core projection
into the LLL. Top right, Overlap with the Haldane-Rezayi
state at 2Q = 2N − 4. Bottom right, Overlap betwen the
8 particle exact ground state and the spin-singlet CF Fermi
sea at 2Q = 2N − 2. The pure Coulomb point is marked by
a white dot in each panel. Each color rendition is based on
simulations for 41× 41 parameter pairs.
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